Published by Institute of Physics Publishing for SISSA/ISAS Received: November 12, 2002 Accepted: January 6, 2003

Light-cone Wilson loops and the string/gauge correspondence

Yuri Makeenko

Institute of Theoretical and Experimental Physics B. Cheremushkinskaya 25, 117259 Moscow, Russia, and The Niels Bohr Institute Blegdamsvej 17, 2100 Copenhagen Ø, Denmark E-mail: makeenko@itep.ru, makeenko@nbi.dk

Abstract: We investigate a Π-shape Wilson loop in N = 4 super Yang–Mills theory, which lies partially at the light-cone, and consider an associated open superstring in AdS_5 × S^5. We discuss how this Wilson loop determines the anomalous dimensions of conformal operators with large Lorentz spin and present an explicit calculation in perturbation theory to order λ. We find the minimal surface in the supergravity approximation, that reproduces the Gubser, Klebanov and Polyakov prediction for the anomalous dimensions at large λ = g^2_{YM}N, and discuss its quantum-mechanical interpretation.

Keywords: AdS-CFT and dS-CFT Correspondence, 1/N Expansion.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep012003007 /jhep012003007 .pdf

Contents

1. Introduction 1

2. Light-cone Wilson loop in SYM 3 2.1 The set up 3 2.2 Extension to N = 4 SYM 4 2.3 Order λ of perturbation theory 5 2.4 Remark on cusp near the light cone 7

3. Open string in AdS_5 × S^5 8 3.1 Finding the minimal surface 8 3.2 Quantum-mechanical interpretation 11

4. Conclusion 12

A. Solving the classical equation 13

B. Relation to time-like geodesics 14

1. Introduction

There is a long-standing belief^1 that SU(N) Yang–Mills theory at large-N is equivalent to a free string, while the 1/N-expansion corresponds to interactions of the string. A great recent progress along this line for N = 4 super Yang–Mills theory (SYM) is associated with the AdS/CFT correspondence [2], where the strong-coupling limit of SYM is described by supergravity in anti-de Sitter space AdS_5 × S^5.

Among the most interesting predictions of the AdS/CFT correspondence for the strongcoupling limit of SYM, let us mention the calculation [3, 4] of anomalous dimensions of certain operators (see ref. [5] for a review) and that [6, 7] of the euclidean-space rectangular Wilson loop determining the interaction potential. The former is given by the spectrum of excitations in AdS space, while the latter is given by the minimal surface formed by the worldsheet of an open string whose ends lie at the loop in the boundary of AdS_5 × S^5. The computations of the Wilson loops in the supergravity approximation were performed also for circular loops [8, 9] and loops with cusps [9]. The circular Wilson loop has then been

1See e.g. ref. [1] for an introduction and review of the old works on the string/gauge correspondence.

– 1 – exactly calculated [10] in SYM to all orders in the ’t Hooft coupling λ = g^2_{YM}N. The result provided not only a beautiful test of the AdS/CFT correspondence at large λ but also a challenging prediction [11] for IIB superstring in the AdS_5 × S^5 background.

Yet another remarkable test of the string/gauge correspondence concerns [12] a certain class of operators in SYM, whose anomalous dimensions can be exactly computed as a function of λ both in string theory and under some mild assumptions in SYM [13, 14]. The exact computation in string theory is possible because the anomalous dimensions of these BMN operators correspond to the spectrum of states with large angular momentum associated with rotation of an infinitely short closed string around the equator of S^5.

Rotating similarly a long closed folded string in AdS_5, a very interesting prediction concerning the strong-coupling limit of the anomalous dimensions of twist (= bare dimension minus Lorentz spin n) two operators has been obtained recently in ref. [15]:

Δ − n = f(λ) ln n (1.1)

for large-n, where f(λ) = √ λ π + O ( ( √ λ)^0 ) (1.2)

and λ = g^2_{YM}N — the ’t Hooft coupling in SYM — is large. The correction O(( √ λ)^0) has been calculated [16] and it has been shown [17] very recently how the GKP result can be reproduced via a minimal surface of an open string spanned in the boundary by the loop with a cusp.

Equations (1.1) and (1.2) were derived [15] ignoring the S^5 part of AdS_5 × S^5, which is responsible for supersymmetry, and possess the features expected for the anomalous dimension in ordinary (nonsupersymmetric) Yang–Mills theory. There are arguments for this result to be valid in ordinary Yang–Mills theory as well. This would lead us to very interesting predictions for the strong-coupling limit of QCD!

The goal of this paper is to further study the string/gauge correspondence considering a Wilson loop with cusps, which partially lies at the light cone, on the SYM side and minimal surfaces in AdS space associated with an open string ending at the loop in the boundary. We extend the results of ref. [18] to the SYM case and show how the vacuum expectation value of this Wilson loop determines the anomalous dimensions of the twisttwo operators in SYM perturbation theory. We find an appropriate minimal surface in AdS space and show that it reproduces the GKP result (1.1), (1.2).

This paper is organized as follows. After a brief excursion to QCD, we define in section 2 the light-cone Wilson loop in SYM, discuss its properties and demonstrate in perturbation theory how it gives the anomalous dimensions of the twist-two operators. An explicit calculation is presented to order λ. In section 3 we find a solution for the minimal surface associated with the worldsheet of an open string in the AdS background, the ends of which lie at the loop in the boundary, and demonstrate how it reproduces eqs. (1.1) and (1.2). We discuss some unusual properties of this solution and its quantum-mechanical interpretation as tunneling in an analogous mechanical problem.

– 2 –

2. Light-cone Wilson loop in SYM

2.1 The set up

The relation between the anomalous dimensions of hadronic operators O_n with the Lorentz spin n in QCD and the renormalization of open Wilson loops with quarks at the ends is well-known [19, 20]. A crucial role in this correspondence is played [21, 22, 23] by conformal operators which are multiplicatively renormalizable at one loop.

A convenient formulation of this approach was proposed by

........................... y

u^μ −u^μ v^μ 0

Figure 1: Π-shape Wilson loop. The segment [0, y^μ = v^μT ] lies at the light cone. The loop is analytically given by eq. (2.2).

Korchemsky and Marchesini [18] who considered a Π-shape Wilson loop U(Π) = P e^i ∫ Π dx^μA_μ (2.1)

with the ends at infinity, whose middle segment lies at the light cone. It is depicted in figure 1.

This Wilson loop can be parametrized by

x^μ(t) = u^μt for − ∞ < t < 0 v^μt for 0 ≤ t ≤ T v^μT − u^μ(t − T ) for T < t < ∞ , (2.2)

where the unit vector u^μ is time-like (u^2 = −1) and the segment [0, y^μ = v^μT ] lies at the light cone (v^2 = 0). Without loss of generality we can choose u^μ = (−1, 0, 0, 0) , v^μ = (1, 1, 0, 0) (2.3)

so that y^μ = (T, T, 0, 0). For the general case, we define

L = uv T . (2.4)

The vacuum expectation value of such a Wilson loop

W (Π)^{def}= ⟨ 1 N tr U(Π) ⟩ (2.5)

is a function of the ratio ρ = L ϵ , (2.6)

where L is defined by eq. (2.4) and ϵ is an ultraviolet cutoff. It is the only dimensionless parameter which is present.

Though this Π-shape Wilson loop is not renormalizable owing to additional light-cone divergences, its logarithmic derivative

Γ(Π)^{def}= −ϵ d d ϵ log W (Π) (2.7)

is multiplicatively renormalizable when expressed via the renormalized coupling constant, so that 1/ϵ in eq. (2.6) can be replaced for Γ(Π) by the renormalization-group scale μ.

– 3 –

After an analytic continuation to imaginary ρ, the logarithmic derivative (2.7) determines the anomalous dimensions γ_n of the hadronic operators O_n with large-n by the formula [18] Γ(Π)|_{ρ=−in} = γ_n . (2.8) Owing to the renormalizability of Γ(Π), γ_n depends on n logarithmically

γ_n = f(λ) log n , (2.9)

where f(λ) is known to a few lower orders of perturbation theory.

Equations (2.7) and (2.8) can be understood considering the operator

O(C_{y0}) = ψ̄(y) U(C_{y0})ψ(0) (2.10)

associated with the straight open Wilson loop C_{y0} with the (scalar or spinor) matter field ψ attached at the end points. Then ⟨ ψ ( ∞,⃗0 ) O(C_{y0})ψ̄ ( ∞, ⃗y )⟩ ∝ W (Π) (2.11)

in the limit of the large mass of the matter field. In other words, the Π-shape Wilson loop is associated with the trajectory of a heavy particle which is at rest at the spacial point ⃗0 for −∞ < t < 0, moves from ⃗0 to ⃗y along the light cone during the time y_0 and then stays at rest at ⃗y for y_0 ≤ t < ∞. It is clear from the analysis of perturbation-theory diagrams that the anomalous dimensions γ_n with large-n are correctly reproduced in the large-mass limit.

2.2 Extension to N = 4 SYM We shall now extend the results, reviewed in the previous subsection, to the N = 4 SYM.

We use the known supersymmetric extension [6, 7, 9] of the Wilson loops in Minkowski space and define U(C) = P e^i ∫ ds (ẋ^μA_μ+|ẋ|θ^iΦ_i) , (2.12)

where Φ_i are six scalar fields and θ^i is a unit vector in R^6 . We shall be interested in the case when C is the Π-shape loop, the parametrization of which is defined in eq. (2.2).

The difference between the Minkowski-space Wilson loops (2.12) and their euclideanspace counterparts, which have been extensively studied in the literature, is that the latter has an extra factor of i in front of Φ_i in the exponent. The Minkowski-space Wilson loop (2.12) is a BPS state, in particular, for an infinite straight line which lies inside the light cone, i.e. it can always be made parallel to the temporal axis by a Lorentz boost. For such loops ⟨ 1 N tr U (|) ⟩ = 1 (2.13)

in a full analogy with straight lines in euclidean space.

We shall be interested in anomalous dimensions of conformal operators built out of the fields in SYM which belong to the adjoint representation of SU(N). Consequently, the Wilson loops are to be taken in the adjoint representation:

tr_A U(C) = | tr U(C)|^2 − 1 . (2.14)

– 4 –

Owing to the large-N factorization, we have

W_A(C)^{def}= ⟨ 1 N^2 −1 tr_A U(C) ⟩_{N→∞} = W^2(C) , (2.15)

where the right-hand side is defined by eqs. (2.5) and (2.12) for the fundamental representation. Thus, the anomalous dimensions of such adjoint operators are twice larger in the large-N limit than those in the fundamental representation.

2.3 Order λ of perturbation theory

The expectation value of the adjoint Wilson loop to the order λ is the same as in the U(1)-case and is given by

W_A(Π) = 1 − λ 2 +∞∫ −∞ dt_1 +∞∫ −∞ dt_2 [ ẋ^μ(t_1)ẋ_μ(t_2) + |ẋ(t_1)||ẋ(t_2)| ] D (x(t_1) − x(t_2)) , (2.16)

where the factor of 1/2 is related to the normalization of the SU(N) generators t^a.

The scalar propagator in d dimensions reads as D(x) = Γ(d/2 − 1) 4π^{d/2} ( x^2 )_{1−d/2} . (2.17)

The relative sign of the two terms in square brackets in eq. (2.16) is minus for the temporal component since the gauge-field propagator in Minkowski space is

D_{μν} (x) = η_{μν} D(x) , η_{μν} = diag (− + + +) (2.18)

in the Feynman gauge.

To regularize divergent integrals, we shall use either dimensional regularization when 0 < 4 − d ≪ 1 or a smearing when D(x) is substituted by

D_ϵ(x) = 1 4π^2(x^2 + ϵ^2)

. (2.19)

Though this smearing is not gauge invariant, it will be enough for our purposes since the N = 4 SYM has no charge renormalization in d = 4 dimensions, so the only role of the regularization is to regularize the light-cone or cusp singularities of the expectation value of the Wilson loop.

Depending on which segment of the loop the points x(t_1) and x(t_2) belong to, the right-hand side of eq. (2.16) can be represented as the sum of the six diagrams in figure 2. The diagrams in figures 2a and f vanish quite similarly to the case of an infinite straight line (cf. eq. (2.13)), since these straight segments are time-like. The diagram in figure 2d vanishes since the ends of the propagators are at the light cone where |ẋ| = 0. For the same reason the contribution of the diagrams in figures 2b and e is as in ref. [18]: these of the scalars vanish.

– 5 –

............................

..........................

..........................

............................

............................

...... ...... ...... ...... ...... ...... ...

............................

....

. ..

.... ...

... ...... ... ... .... . .. .

..... ... . ... . ... . .. . .. . . . . . .

. . . . .. . .. . .. . ... . .... . .... ..

......

..... ... . . . ... . .....

......

.....

..... ... . . . ... . .....

.....

(b) (c)

(e) (d) (f)

(a)

Figure 2: Diagrams of the order λ for the expectation value of the Π-shape Wilson loop. The

dashed lines represent either scalar or gauge-field propagators. Only the diagrams in figures (b) and

(e) contribute to the anomalous dimension γ_n.

The diagram in figure 2b reads for the regularization (2.19) as

W^{(1)}_{(b)} = λ 4π^2 uv ∞∫ 0 ds T∫ 0 dt 1 s^2 − 2uvst − ϵ^2 , (2.20)

where the light-cone segment is parametrized by t and the infinite segment is parametrized

by s. Using the variable (2.4), we rewrite eq. (2.20) as

W^{(1)}_{(b)} = λ 4π^2 ∞∫ 0 ds L∫ 0 dx 1 s^2 − 2sx − ϵ^2 ,

= − λ 8π^2 L∫ 0 dx 1 √ x^2 + ϵ^2 log x + √ x^2 + ϵ^2 x − √ x^2 + ϵ^2

. (2.21)

Substituting L ϵ = −in , (2.22)

as is prescribed by eq. (2.8), we get finally

W^{(1)}_{(b)} = − λ 8π^2 [ 1 4 log^2 ( n + √ n^2 − 1 n − √ n^2 − 1 ) + π^2 4 ]

n→∞= − λ 8π^2 [ log^2(2n) + π^2 4 ] . (2.23)

– 6 –

The log^2-term is as in ref. [18].

The diagram in figure 2e gives exactly the same result as that in figure 2b. The diagram in figure 2c connects the two infinite vertical segments. It contributes to the interaction potential (see e.g. ref. [1], p. 255) but does not have the log^2 (L/ϵ) which contributes to γ_n. The diagram in figure 2c is therefore not essential for the calculation of the anomalous dimension.

Adding the diagrams in figures 2b and e, we obtain for the anomalous dimension to order λ γ_n = λ 2π^2 log n (2.24)

which reproduces the result of an explicit calculation in ref. [24].

It is worth noting that the right-hand side of eq. (2.23) became real only after the analytic continuation (2.22). For real L it has an imaginary part associated with the divergence of the integral over s in eq. (2.21) for s = x + √ x^2 + ϵ^2. The meaning of such an imaginary part for the Wilson loops with cusps in Minkowski space is discussed in ref. [25]. This imaginary part will also appear in section 3.

2.4 Remark on cusp near the light cone

As is pointed out in ref. [18], the anomalous dimension γ_n is determined by the cusp anomalous dimension Γ_{cusp} associated with the renormalization of Wilson loops with cusps as depicted in figure 3.

The precise relation is as follows:

.. .. . .. .. . .. .. .. .. .. .. .

u^μ v^μ γ

Figure 3: Γ-shape Wilson loop having a cusp. The cusp angle γ is given by eq. (2.26).

Γ_{cusp}^{γ→∞}= γ 2 f(λ) , (2.25)

where γ is the cusp angle defined in Minkowski space by

cosh γ = uv √ v^2

(2.26)

and the function f(λ) enters eq. (2.9).

It is easy to obtain eq. (2.25) taking the light-cone limit (v^2 → 0) of the renormalization-group equation satisfied by (2.7) and noting that γ → ∞ in this limit. The cusp anomalous dimension in the limit of large γ was discussed in ref. [25].

Note that the diagrams in figures 2b and e look similar to the diagrams which give the cusp anomalous dimension. The difference is that in our case one segment of the Γ-shape loop lies strictly at the light cone, so the term γ log(L/ϵ) in the vacuum expectation value of the Wilson loop with the cusp is replaced by (log^2(L/ϵ))/2 in our case. We find it more convenient to deal directly with the light-cone Wilson loop than to approach the light cone first considering the loop in figure 3 at finite γ and then taking the limit γ → ∞.

– 7 –

3. Open string in AdS_5 × S^5

As is shown in refs. [6, 7], the supersymmetric Wilson loop (2.12) is dual to an open string in AdS_5 × S^5, the ends of which run along the contour {x^μ(s), |x(s)|θ^i} in the boundary of AdS_5 × S^5. In the supergravity limit, the string worldsheet coincides with the minimal surface in AdS_5 bounded by x^μ(s). This determines the asymptotic behavior of the Wilson loop for large λ. While the original solutions, obtained in refs. [6, 7] for an (infinite) rectangle, in refs. [8, 9] for a circle, and in ref. [9] for the loop with a cusp depicted in figure 3, are given in euclidean space, their Minkowski-space analogs are known [26] in the former two cases.

3.1 Finding the minimal surface

To calculate the minimal surface for the Minkowski-space loop in figure 1, we parametrize the worldsheet by the coordinates t = x^0 and x = x^1 for the choice (2.3) of the Π-shape contour as is depicted in figure 4a. The Nambu–Goto action of an open string in AdS_3 space with the metric given in the Poincaré coordinates by

ds^2 = R^2

−(dx^0)^2 + (dx^1)^2 + (dz)^2 z^2

(3.1)

reads as S = − R^2 2πα^′ L∫ 0 dx ∞∫ x dt 1 z^2 √ 1 + z^{′ 2} − ż^2 , (3.2)

where ż = dz/dt and z^′ = dz/dx. We consider the AdS_3 subspace of AdS_5 space because we set x^2 = x^3 = 0 for the location of the minimal surface.

. . . .. .. .. .. .. .. .. .. .. .. .. ... ... ....

................. ... ... .. .. .. .. .. .. .. .. .. .. .. .. . . . . . .. .. .. .. .. .. .. .. .. .. .. ... ... ... .

. . . . . . . . . . . . . . . .. ... ... .. .. .. .. .. .. .. .. .. .. .. .. . . .

(b)

. .. .. .. .. ... .......... .. .. .. .. . . .. .. .. .. ... . . . . . . . ... .. .. .. .. . . ....................

.....

.. .. ... .. .

....................

.....

...................

....

x t

L

(a) Figure 4: Π-shape loop (a) bounding the minimal surface. The rotated segment lies at the light cone. The log^2-term comes from the region near the cusp which is magnified in (b). There are two such regions associated with the two cusps. The typical size of the magnified region is ∼ L.

– 8 –

The minimal surface z(t, x) which is obtained by minimizing the action (3.2) depends in general both on t and x. However, the log^2-term yielding the anomalous dimension comes from the part of the minimal surface near the cusp as is shown in figure 4. In this case we substitute z(t, x) = √ t^2 − x^2 1 f (_x t ) (3.3)

so that only a function of the dimensionless ratio x/t is to be determined. This reminds the calculation of the cusp anomalous dimension in ref. [9].

Another important limiting case is when t ≫ x, where z does not depend on t owing to translational symmetry of the problem. This reproduces the calculation of the interaction potential in refs. [6, 7] and perfectly agrees with what is said at the end of Subsection 2.3 concerning the diagram in figure 2c which contributes only to the interaction potential rather than to the cusp anomalous dimension.

Before substituting the ansatz (3.3) into eq. (3.2), it is convenient to parametrize the worldsheet by the coordinates

r = x , θ = arctanh x t (3.4)

so that 0 < r < L and 0 < θ < ∞. The two rays of the contour in figure 4b correspond to θ = 0 and θ = ∞. Then we rewrite the action (3.2) as S = −2 R^2 2πα^′ ∫ dr r ∫ dθ √ f^4 − f^2 + f^{′ 2} , (3.5)

where the factor of 2 is because the contour has two cusps. The difference from its euclidean counterpart of ref. [9] is the sign in front of the f^2-term.

The function f(θ) obeys the boundary condition

f(0) = ∞ (3.6)

for the minimal surface to end up in the boundary of AdS space. There is no boundary condition imposed on f(∞) since z = 0 for the ansatz (3.3) when t = x, i.e. when the surface approaches the light cone in the boundary. The light cone, given in AdS space by z^2 = t^2 − x^2, corresponds to f = 1, while the Poincaré horizon would be associated with f = 0 in these coordinates.

In analogy with refs. [6, 9], the extremum of (3.5) is given by the analytic function^2 θ = √ 2 arctanh √ 2(1 − f^2) − arctanh √ 1 − f^2 − iπ 2 (√ 2 − 1 ) . (3.7)

This solution obeys (3.6) for θ = 0 and f → 1/ √ 2 as θ → ∞. When f approaches 1/ √ 2, the minimal surface approaches the one found in ref. [17] and given by z = √ 2(t^2 − x^2) . (3.8)

2More details are presented in appendix A.

– 9 –

Noting that f(θ), given by an inverse to eq. (3.7), satisfies

f^′ = f √ 1 − f^2 ( 1 − 2f^2 ) , (3.9)

we see that the right-hand side of eq. (3.5) is linearly divergent for f → ∞ and logarithmically divergent for f → 1/ √ 2. After the standard subtraction of the linear divergence, we have the function

A(f) = R^2 πα^′ ∫ dr r ∞∫ f df [ f √ f^2 − 1 f^2 − 1/2 − 1 ] − f (3.10)

= i R^2 πα^′ ∫ dr r { 1 2 √ 2 [ arctanh (√ 1 − f^2 √ 2 − f ) + arctanh (√ 1 − f^2 √ 2 + f )] − √ 1 − f^2 }

which gives the area of the part of the minimal surface from θ = 0 to θ = θ(f).

For θ → ∞ when f → 1/ √ 2, the first arctanh in square brackets logarithmically diverges. One more logarithmic divergence comes from the integral of dr/r.

To regularize these divergences, we proceed in the standard way [6] shifting the boundary to z = ϵ. Then the consideration is quite similar to that in ref. [9] for the case of the loop with a cusp. From eqs. (3.3) and (3.4), we have

f(θ) sinh θ < r ϵ . (3.11)

For θ ≫ 1 this implies,

θ < θ_{max} = log 2 √ 2r ϵ (3.12)

and from eq. (3.7) we obtain

f > f_{min} = 1 √ 2 + √ 2 e^− √ 2θ_{max} . (3.13)

Also r is bounded above by the value of the order of L which is the size of the magnified region in figure 4.

Evaluating the right-hand side of eq. (3.10) for f = f_{min}, we finally obtain the log^2-term

A(f_{min}) = i

R^2 2πα^′ ∫ dr r θ_{max}(r) = i

R^2 4πα^′ log^2 L ϵ . (3.14)

It is easy to obtain the same answer directly from eq. (3.5) substituting f = 1/ √ 2 for large θ which results in the term linear in θ_{max}. The latter procedure is equivalent to saying that the area of the minimal surface is dominated by the contribution from its part described by eq. (3.8) which was also the case in ref. [17]. This is the reason why our results for the anomalous dimension agree, while the solutions for the minimal surface are different.

The appearance of the factor of i in eq. (3.14) is remarkable since then iA(f_{min}), the exponential of which is to be compared with W_A on the SYM side

W_A(Π) = e^{2iA(fmin)} , (3.15)

– 10 – is real. Here the factor of 2 in the exponent is owing to eq. (2.15). Differentiating with respect to ϵ according to eqs. (2.7) and (2.8), we obtain

γ_n =

R^2 πα^′ log n (3.16)

which reproduces eqs. (1.1) and (1.2) for R^2/α^′ = √ λ. Some comments concerning the solution (3.7) are in order.

The inverse function f(θ) is complex-valued for real 0 < θ < ∞. Analogously, the log^2(L/ϵ)-term in A(f_{min}) given by eq. (3.14) is pure imaginary, while the A(f) itself is complex in general. This property of A(f_{min}) agrees with what we had already discussed at the end of Subsection 2.3 for the light-cone Wilson loops in SYM. There is nothing wrong, in principle, having such a complex saddle-point trajectory in the path integral. Its possible quantum-mechanical interpretation will be discussed in Subsection 3.2.

If we were to use the variables r and f instead of r and θ to parametrize the worldsheet, then θ given by eq. (3.7) would be pure imaginary for f > 1. Such an imaginary

θ = −iτ (3.17)

could be viewed as if x is pure imaginary or, in other words, we have performed the analytic continuation (2.22) after which W was expected to become real. The fact that A(f) is real for f > 1, which corresponds to τ < π( √ 2−1)/2, does not contradict the expected behavior of W (Π) in SYM. When f becomes smaller than 1 to approach the value f_{min}, then τ and A(f) become complex. One should keep in mind that eq. (3.10) is only an approximation of the area of the whole minimal surface, spanned by the loop in figure 4a, by its parts near the cusps, which was used only to evaluate the log^2(L/ϵ). This minimal surface is, as has been already mentioned, a nontrivial function of two variables and is given by the extremum of the action (3.2) rather than (3.5).

The value f = 1 is associated with the light cone in AdS space. Therefore, the values f < 1 mean that one is no longer inside the light cone. We discuss an appropriate quantummechanical interpretation of this situation in the next subsection.

3.2 Quantum-mechanical interpretation

After the analytic continuation (3.17) we are dealing with a saddle-point trajectory of the quantum-mechanical problem with the time-variable τ, while the right-hand side of eq. (3.15) is related to the phase a semiclassical (Schrödinger) wave function by

log Ψ(f) = i

2R^2 πα^′ ∫ dr r ∞∫ f df [ f^2 − 1/2 f √ f^2 − 1 − 1 ] − f . (3.18)

We obtain from eq. (3.7) τ = − √ 2 arctan √ 2(f^2 − 1) + arctan √ f^2 − 1 + π 2 (√ 2 − 1 ) . (3.19)

– 11 –

The inverse function f(τ) is now real for τ ≤ π( √ 2−1)/2 which means f ≥ 1. Alternatively, f becomes complex for τ > π( √ 2 − 1)/2.

As is already mentioned, A(f) is real for f > 1 and complex for f < 1. The wave function in eq. (3.18) is therefore oscillating for f > 1 and exponentially damped for f < 1.^3 This is a typical behavior for a quantum-mechanical problem with the potential that forbids for a classical particle to penetrate the f < 1 region. More arguments in favor of such an interpretation are presented in appendix A, where it is argued that the effective potential has an infinite wall at f = 1: it approaches −∞ when f tends to 1 from above and then decreases from +∞.

The region f < 1 can be penetrated quantum-mechanically by tunneling under the barrier, thus approaching the point f = f_{min} ≈ 1/ √ 2 that determines the anomalous dimension. The wave function is then exponentially dumped as is displayed in eqs. (3.14) and (3.18). Note that θ_{max} cancels on the right-hand side of eq. (3.18) which is regular as f → 1/ √ 2. Once again, this quantum-mechanical interpretation of the minimal surface which determines the anomalous dimension is linked to the mechanical analogy we are considering.

4. Conclusion

The light-cone Wilson loops are convenient for calculating the anomalous dimensions of conformal operators of twist two with large Lorentz spin both on the SYM and AdS sides. The lowest-order perturbation-theory calculation in SYM is in a qualitative agreement with the result given by the area of the minimal surface formed by the worldsheet of an open string ending at the loop in the boundary of AdS space. The latter coincides in turn with the one [15] obtained from the classical closed folded string rotating in AdS_5.

It would be interesting to pursue the calculations in both cases to next orders to compare the results. There is no problem to calculate the anomalous dimensions to order λ^2 in SYM, which is quite similar to the calculation of ref. [18] for QCD. The result is to be compared with an explicit calculation of ref. [27] to this order. Analyzing the simplest rainbow graph to the order λ^2, we immediately find as in refs. [25, 18] that the sum of the diagrams with the triple vertex (either of three gauge fields or one gauge field and two scalars) has to have a term

W^{(2)} ∼ λ^2 log^4 L ϵ (4.1)

which is required for the exponentiation of the result (2.24) from the previous order λ. In contrast to the circular Wilson loop in ref. [10], the diagrams with interactions are now present. Perhaps, they can still be analyzed similarly to ref. [11] making a 2D conformal transformation in the boundary, which maps the straight line (2.13) into a loop of the type in figure 4b. Since it is not a symmetry of AdS space, this would rewrite its metric in new coordinates.

3There could be an additional difference of phases of the wave function in the two regions, which is calculable either semiclassically or analyzing the region f ≈ 1.

– 12 –

The structure of the calculation of the anomalous dimension via the minimal surface on the AdS side suggests in turn that it might be completely determined by a certain state (or states) in the (quantum) spectrum of the open string in the AdS background.

Acknowledgments

I am indebted to Alexander Gorsky, Poul Olesen and Soo-Jong Rey for very useful discussions. This work was supported in part by the grant INTAS–00–390.

A. Solving the classical equation

After the analytic continuation (3.17) the action (3.5) takes the form S = R^2 πα^′ ∫ dr r ∫ dτ √ ḟ 2 − f 4 + f 2 . (A.1)

Note that the action (A.1) remains real, so the analytic continuation (3.17) is not the same as introducing an imaginary time for a system with a hamiltonian which is quadratic in momentum.

The minimal surface is described by the Euler–Lagrange equation

f̈V = ḟ^2V^′ − 1 2 V^′V with V = f^4 − f^2 , (A.2)

where ḟ = df/dτ and V^′ = dV/df, which is associated with the lagrangian in eq. (A.1) for f^4 − f^2 substituted by V . It is to be solved on the interval [0, ∞) with the boundary condition (3.6).

Equation (A.2) is analogous to the equation of motion for a mechanical system with a velocity-dependent force. The conserved “energy” is given by E = V √ ḟ 2 − V (A.3)

which for E = 1/2 determines ḟ = − √ V + V^2 E^2 = − f √ f^2 − 1 f^2 − 1/2

. (A.4)

This reproduces the solution (3.19). The “turning” point of this trajectory is at f = 1/ √ 2. Such a special solution is needed to have a trajectory which gives the log^2 L/ϵ in eq. (3.14).

The value of the momentum along the trajectory is given by p = ḟ √ ḟ 2 − V = − √ 1 + E^2 V = − f^2 − 1/2 f √ f^2 − 1

(A.5)

which results in eq. (3.18). We see that p is real for f > 1 and becomes infinite as f → 1. Then it is imaginary for f < 1. This looks like the effective potential has an infinite wall at f = 1: approaching −∞ for f → 1 from above and then decreasing from +∞. Therefore, classical motion is allowed only for f > 1 (see also appendix B).

– 13 –

One can penetrate, however, the region f < 1 quantum-mechanically approaching the point f = f_{min} ≈ 1/ √ 2 by tunneling under the barrier. The wave function is then exponentially dumped as is shown in eqs. (3.14) and (3.18).

The region near f = 1 can be directly analyzed substituting

f(τ) = 1 + ξ e^{g(τ /√ξ)} (A.6)

with ξ ≪ 1. Equation (A.2) then takes the form

g̈ = − e^{−g} (A.7)

which coincides with the classical equation of motion for the lagrangian L = 1 2 ġ^2 + e^{−g} . (A.8)

The potential of this problem is V = − e^{−g} which exponentially falls down as g → −∞, i.e. f → 1 from above. This is the same assertion as above.

B. Relation to time-like geodesics

An alternative point of view on the classical problem of appendix A is as that of constructing geodesics in space with the metric

ds^2 = df^2 − V (f) dτ^2 . (B.1)

The equations for time-like geodesics can then be derived from the lagrangian which is quadratic in the derivatives of τ and f with respect to the proper time s and read as d ds ( V (f) dτ ds ) = 0 , (B.2)

d^2f ds^2

+ V^′(f) ( dτ ds )_2

= 0 (B.3)

with the constraint ( df ds )_2 − V (f) ( dτ ds )_2

= 1 . (B.4)

Solving the constraint for (dτ/ds)^2 and substituting into eq. (B.3), we obtain the equation V d^2f ds^2

+ V^′ [( df ds )_2 − 1 ] = 0 (B.5)

which determines the geodesic f(s).

A convenient way to solve eq. (B.5) is as follows. From eq. (B.2) we have dτ ds = E V , (B.6)

– 14 – where E is an integration constant. Substituting in eq. (B.4), we find df ds = − √ 1 + E^2 V (B.7)

which yields df dτ = − √ V + V^2 E^2

. (B.8)

Equations (B.7) and (B.8) are the same as eqs. (A.5) and (A.4) for V = f^4 − f^2 and E = 1/2. The conclusion is the same: these geodesics also exist only for f > 1 where the signature of the metric (B.1) is lorentzian.

References

[1] Y. Makeenko, Methods of contemporary gauge theory, Cambridge University Press, Cambridge 2002.

[2] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[3] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[4] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[5] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[6] J.M. Maldacena, Wilson loops in large-N field theories, Phys. Rev. Lett. 80 (1998) 4859 [hep-th/9803002].

[7] S.-J. Rey and J. Yee, Macroscopic strings as heavy quarks in large-N gauge theory and anti-de Sitter supergravity, Eur. Phys. J. C 22 (2001) 379 [hep-th/9803001].

[8] D. Berenstein, R. Corrado, W. Fischler and J.M. Maldacena, The operator product expansion for Wilson loops and surfaces in the large-N limit, Phys. Rev. D 59 (1999) 105023 [hep-th/9809188].

[9] N. Drukker, D.J. Gross and H. Ooguri, Wilson loops and minimal surfaces, Phys. Rev. D 60 (1999) 125006 [hep-th/9904191].

[10] J.K. Erickson, G.W. Semenoff and K. Zarembo, Wilson loops in N = 4 supersymmetric Yang-Mills theory, Nucl. Phys. B 582 (2000) 155 [hep-th/0003055].

[11] N. Drukker and D.J. Gross, An exact prediction of N = 4 SUSYM theory for string theory, J.

Math. Phys. 42 (2001) 2896 [hep-th/0010274].

[12] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and PP waves from N = 4 super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

[13] D.J. Gross, A. Mikhailov and R. Roiban, Operators with large R charge in N = 4 Yang-Mills theory, Ann. Phys. (NY) 301 (2002) 31 [hep-th/0205066].

[14] A. Santambrogio and D. Zanon, Exact anomalous dimensions of N = 4 Yang-Mills operators with large R charge, Phys. Lett. B 545 (2002) 425 [hep-th/0206079].

– 15 –

[15] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string correspondence, Nucl. Phys. B 636 (2002) 99 [hep-th/0204051].

[16] S. Frolov and A.A. Tseytlin, Semiclassical quantization of rotating superstring in AdS_5 × S^5, J. High Energy Phys. 06 (2002) 007 [hep-th/0204226].

[17] M. Kruczenski, A note on twist two operators in N = 4 SYM and Wilson loops in Minkowski signature, J. High Energy Phys. 12 (2002) 024 [hep-th/0210115].

[18] G.P. Korchemsky and G. Marchesini, Structure function for large x and renormalization of Wilson loop, Nucl. Phys. B 406 (1993) 225 [hep-ph/9210281].

[19] N.S. Craigie and H. Dorn, On the renormalization and short distance properties of hadronic operators in QCD, Nucl. Phys. B 185 (1981) 204.

[20] I.I. Balitsky and V.M. Braun, Evolution equations for QCD string operators, Nucl. Phys. B 311 (1989) 541.

[21] S.J. Brodsky, Y. Frishman, G.P. Lepage and C.T. Sachrajda, Hadronic wave functions at short distances and the operator product expansion, Phys. Lett. B 91 (1980) 239.

[22] Y.M. Makeenko, Conformal operators in quantum chromodynamics, Sov. J. Nucl. Phys. 33 (1981) 440.

[23] T. Ohrndorf, Constraints from conformal covariance on the mixing of operators of lowest twist, Nucl. Phys. B 198 (1982) 26.

[24] A.V. Kotikov and L.N. Lipatov, NLO corrections to the BFKL equation in QCD and in supersymmetric gauge theories, Nucl. Phys. B 582 (2000) 19 [hep-ph/0004008].

[25] G.P. Korchemsky and A.V. Radyushkin, Renormalization of the Wilson loops beyond the leading order, Nucl. Phys. B 283 (1987) 342.

[26] A.A. Tseytlin and K. Zarembo, Wilson loops in N = 4 SYM theory: rotation in S^5, Phys.

Rev. D 66 (2002) 125010 [hep-th/0207241].

[27] A.V. Kotikov and L.N. Lipatov, DGLAP and BFKL equations in the N = 4 supersymmetric gauge theory, hep-ph/0208220.

– 16 –